We derive the complex degree of coherence that originates from generalized incoherent two-and threedimensional sources. Further, we find the locus of maximum coherence and analyze the dependence of the decay of coherence on source thickness. © 2004 Optical Society of America OCIS codes: 030.1640, 030.1670, 060.2370 Fast-spinning random phase masks are often used to make the behavior of light sources that are inherently spatially coherent (e.g., a monochromatic laser source) emulate spatially incoherent behavior. The coherence pattern generated by such a source can be well characterized by the Airy function 1,2 on a plane perpendicular to the optical axis. Here we derive the off-plane behavior of the coherence function for two-dimensional (such as a spinning disk) and three-dimensional generalized incoherent sources. We f ind that maximum coherence off plane is obtained along radial lines that diverge from the source center, branching out at certain locations. The decay of coherence as a function of source thickness is also characterized.
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Consider a field in the half-space z . 0 originating from a quasi-monochromatic, spatially incoherent volume source, as shown in Fig. 1 . Mutual intensity J͑r 1 0 , r 2 0 ͒ of the field at any two points P 0 ͑r 1 0 ͒ and Q 0 ͑r 2 0 ͒ within source volume V is
The complex degree of coherence of the field at any pair of points P ͑r 1 ͒ and Q͑r 2 ͒ in half-space z . 0 past the source is 1,2
where
Consider the geometry in Fig. 1 again. We are interested in the degree of coherence between point P ͑r 1 ͒ at reference plane P 1 located a distance z 1 from the coordinate origin and point Q͑r 2 ͒ located at a different plane, P 2 . Dz is the distance between the two planes. Assuming that the paraxial approximation is valid for both P ͑r 1 ͒ and Q͑r 2 ͒, Eq. (2) can be written as
Coeff icients A͑z 1 0 ͒, B x ͑z 1 0 ͒, B y ͑z 1 0 ͒, and C͑z 1 0 ͒ are expressed as
The special case when the source is a cylinder of radius R and thickness L centered at the coordinate origin with uniform intensity is shown in Fig. 2 distances in dimensionless units as
Then expression (4) can be integrated explicitly in cylindrical coordinates, leading to
where B͑j͒ ͓B x ͑j͒ 2 1 B y ͑j͒ 2 ͔ 1͞2 and L L L ͑ ͒ is a function that also describes the three-dimensional field distribution in the focal vicinity of an ideal lens. 4 The derivation is similar to that which is used to obtain the field diffracted from a volume hologram. 5 Modulus j j ͑r 1 , r 2 ͒j indicates how coherent the two points P ͑r 1 ͒ and Q͑r 2 ͒ are with respect to each other. A straightforward deduction from Eq. (10) is in the limit a ! 0, i.e., a disk source that can be emulated by a laser source and a spinning random phase mask in the laboratory. 2 The result is
Then Eq. (10) has an interesting interpretation. Because L L L ͑ ͒ describes the complex degree of coherence from a disk source, Eq. (10) means that the complex degree of coherence from the cylinder volume is the coherent superposition of many disk sources stacked in the z direction. For a disk source, with one reference point P ͑r 1 ͒ fixed as in Fig. 3 we can calculate the coherence distribution as a function of Q͑r 2 ͒. If Q͑r 2 ͒ is on the P 1 plane, the maximum coherence occurs at P ͑r 1 ͒ and decays like an Airy pattern. If Q͑r 2 ͒ is not on the same plane as P ͑r 1 ͒ but is near P 1 , coherence is maximized if
which we found by setting B x ͑0͒ 0 and B y ͑0͒ 0. We can see that near P 1 the locus of points that are maximally coherent with P ͑r 1 ͒ is a line passing through the center of the disk source and through P ͑r 1 ͒ (Fig. 3) . The modulus of the degree of coherence along that line is
Thus for d ,, 1 the upper limit of the coherence between two planes is a monotonic decreasing function of N F d or, equivalently, ͑R͞z 1 ͒ 2 . This result verifies the intuitive notion that if we want the illumination to be effectively incoherent we should use a large spinning disk or bring the illuminated object closer to the spinning disk. The exact contour of the coherence in the cross section at plane S is identical to Fig. 8.41 of Ref. 4 . When d , , 1, the coherence distribution is mirror symmetric with respect to plane P 1 and rotationally symmetric about the line def ined by Eqs. (12). From Fig. 3 we can also see that at distance d 1.5219͑͞N F 2 1.5219͒ away from P 1 the locus branches into two segments. The reason for the branching is the peak-null configuration of jL L L ͑ ͒j (Fig. 8. 
of Ref. 4).
We now turn to the case of the thick cylinder, a . 0. To get the locus of maximum coherence we maximize the slowly varying components A͑j͒ and B͑j͒ of the integrand by setting the arguments to L L L ͑ ͒ equal to zero, which gives the same result as Eqs. (12), and we replace C͑j͒ with its Taylor expansion about j 0:
Fig . 3 . Illustration of the coherence that originates from a quasi-monochromatic, spatially incoherent disk source: The parameters that we used to calculate the locus of maximum coherence are l 488 nm, R 5 mm, and r 1 ͑10, 10, 100 mm͒, which led to N 512.3, v x1 6437.7, and v y1 6437.7. The result is
where a a
and F ͑ ͒ is the Fresnel integral. 4 Because of the weak dependence of the term 1͞ajF ͑2a͞2͒ 2 F ͑a͞2͒j on a (Fig. 4, inset) , we can conclude that the effect of thickness on the degree of coherence along the line def ined by Eqs. (12) is minimal. The exact effect of thickness on the maximal degree of coherence is shown in Fig. 4 . The exact contour of the coherence in the cross section at plane S for a relatively thick cylinder is shown in Fig. 5 . The distribution of coherence is not rotationally symmetric about the line given by Eqs. (12). Instead, it looks elliptical, similar to the diffraction pattern from volume holograms.
